By applying fractional calculus to the equation proposed by M. Planck in 1900, we obtain a new blackbody radiation law described by a Mittag-Leffler (ML) function. We have analyzed NASA COBE data by means of a non-extensive formula with a parameter (q − 1), a formula proposed by Ertik et al. with a fractional parameter (α − 1), and our new formula including a parameter (p − 1), as well as the Bose-Einstein distribution with a dimensionless chemical potential µ. It can be said that one role of the fractional parameter (p − 1) is almost the same as that of chemical potential (µ) as well as that of the parameter (q − 1) in the non-extensive approach.
Introduction
The NASA COBE Collaboration has reported that the universe is full of photons at a temperature of 2.725 K [1, 2, 3, 4] . Their distribution is described by the Planck blackbody radiation law as follows:
where C B = 8πhν 3 /c 3 , x = hν/k B T , h, k B , and T are the Planck's constant, the Boltzmann's constant, and temperature, respectively. c is the speed of the light.
Moreover, the following residual spectrum has been reported:
It is worthwhile to notice that there are two kinds of residual spectra (1994) and (1996) . To explain the residual spectrum mentioned above [1, 2, 3] , the following Bose-Einstein distribution with a dimensionless chemical potential µ is utilized by the NASA COBE Collaboration [5] : 
To investigate the residual spectrum (1994) [1, 2] , Tsallis et al. [6] computed the following formula based on a non-extensive approach. (1 − e −x ) 2 ,
where (q − 1) is known as the non-extensive parameter [6, 7, 8] . The correction term to the Planck distribution in Eq. (3) is carefully calculated in [7] . The residual spectrum (1996) is investigated in [8] .
Second, it is also known that Tirnakli et al. [9] have calculated the following formula based on the non-extensive approach, i.e., q algebra (see Ref. [10, 11, 12, 13] ):
Third, using a generalized partition function derived from [14, 15, 16] , Ertik et al. have proposed the following formula based on fractional calculus with the Mittag-Leffler (ML) function [17] :
where the Mittag-Leffler (ML) function is defined as follows:
The function f (x) is expressed as follows:
where ψ(z) = d(ln Γ(z))/dz is the digamma function, and (α − 1) is known as the fractional parameter. Those distributions are summarized in Table 1 . 
In this study, we investigate the third approach, the fractional calculus, in more detail, because we are interested in the approach in [17] . Concerning the above-mentioned problem, we would like to adopt a different viewpoint from that of Ertik et al. [17] . It is well known that in the derivation of the blackbody radiation law in 1900, Planck adopted the following thermodynamical equation [18, 19, 20] (See also [10] ):
where U is the energy density. β = 1/k B T is the inverse temperature, and a and b are parameters. Using the ordinary calculus, we obtain the following expression:
If we introduce a fractional derivative instead of the partial derivative for β in Eq. (6), we cannot derive an analytical solution, because the equation is nonlinear for the function U. Therefore, we put U = 1/R and x = a(β − β 0 ). Then, we obtain the following equation for R from Eq. (6):
The solution for Eq. (8) is given by
Equation (8) is linear for R. Therefore, when the Riemann-Liouville fractional derivative is introduced in Eq. (8) rather than the partial derivative of x, the Mittag-Leffler function appears in the solution [21, 22, 23, 24, 25] . In this study, we aim to apply fractional calculus to Eq. (8) in §2. In §3, various properties of the new formula in addition to Eqs. (2), (4), and (5) are investigated. In §4, analysis of the NASA COBE data in terms of the new formula, as well as Eqs. (1), (2), (4), and (5) are presented. In §5, the concluding remarks and discussions are presented.
Application of Fractional Calculus to Eq. (8)
The Riemann-Liouville fractional derivative [22, 23] of function R(x) for m =1, 2, ... is defined as follows:
From Eq. (10),
The Riemann-Liouville fractional integral is defined as follows:
To obtain a generalized black body radiation formula or Bose-Einstein distribution, the partial derivative for x in Eq. (8) is replaced by the Riemann-Liouville fractional derivative (10) . Then, the following equation is obtained:
If p = 1, Eq. (12) is reduced to a first order partial differential equation, Eq. (8). Therefore, we seek the solution for 0 < p < 2.
The Laplace transformR(s) of function R(x) is defined as follows:
Using the following formulas,
, we obtain from Eq. (12) the Laplace transformR(s),
To obtain the solution R(x) from Eq. (14), we use the following formulas [22] of the Laplace transform,
where E α,β (x) denotes the generalized Mittag-Leffler (GML) function [22, 23] defined by
Then the solution
..) is written as follows:
It should be noticed that at x = 0 the second term of the RHS in Eq. (8) diverges, unless c 0 = 0 for 0 < p < 1, and c 1 = 0 for 0 < p < 2. If p = 1, it is reasonable that Eq. (17) reduces to Eq. (8) . Therefore, we assume that c 0 = c 1 = 0, and we have
From Eqs. (17) and (18), we have
Therefore, Eq. (18) coincides with Eq. (9) for p = 1. As for the constant c k , using the following equation,
which denotes the fractional derivative of R(x) for q > 0 and the fractional integral of R(x) for q < 0, we have
Therefore, our assumptions that c 0 = 0 for 0 < p < 1 and c 0 = c 1 = 0 for 1 ≤ p < 2 are satisfied. Then the solution R(x) of Eq. (18) and a new form of Planck's black body radiation law are given respectively as follows:
Using Eq. (19), we can analyze NASA COBE data [4] .
Various properties of Eqs. (2), (4), (5), and (19)
We now investigate various properties of Eqs. (2), (4), (5), and (19) . Concerning Eq. (19), we have following approximate expression with C B , β 0 = 0 and x = hν/k B T , and named as (FC II). Bose-Einstein distribution:
Eq. (19) :
where ζ(3) is the Riemann's ζ function.
Non-extensive formula II:
Fractional calculus I: Figure 1 : Behavior of the second terms (named as U (2nd) ) of the RHS's in Eqs. (2), (4), (5), and (19) Fractional calculus II:
Ref. [26] is utilized in the calculations above. Numerically estimated values of the corrections to the modified SB law (U (2nd) /C B ) are presented in Table 2 . It is seen that the roles of µ in Eq. (2) and (p − 1) in Eq. (20) are almost the same. 
Analysis of NASA COBE data by Eqs. (1), (2), (4), (5), and (20)
We are interested in COBE data and now analyze those data in terms of Eqs. (21)- (23). It is known that the COBE data comprise distortion described by a very small dimensionless chemical potential (µ) and/or the Sunyaev-Zeldovich (SZ) effect [8] , and/or a possible effect called the distortion of the space-dimension [27] (see the explanation in §1, Introduction.) The first terms of these distributions are the Planck distribution. The second terms are different with respect to each other. They correspond to the chemical potential (µ) introduced by the NASA COBE Collaboration [1, 2, 3] .
In particular, our analysis is presented in Fig. 3 and Table 3 . Combining the results in Tables 2 and 3 , we obtain the correction factors for the modified SB law U/C B for the COBE data. The ratios of the correction factors to those of the BE distribution are also shown in the parentheses of Table 4 .
Concluding remarks and discussions

C1)
By applying fractional calculus to the celebrated equation by M. Planck, i.e., Eq. (6), we obtain a formula described by the ML function (Eq. (20)) which is different from Eq. (5) proposed by Ertic et al. [17] . (1), (2), (4), (5), and (20) .
Eqs.
T
2.72502 ± 0.00001 -45.1/42 BE: (2) 2.72501 ± 0.00002 (−1.1 ± 3.2) × 10 C2) The behavior of Eq. (20) is very similar to that of the Bose-Einstein distribution (see Fig. 1 and Table 1 ).
In particular, from analysis of the COBE monopole data in terms of Eqs. (2) and (20), we obtain the following limits (see Table 3 As seen in Fig. 4 (residual spectrum (1996)) and Table 4 , it is difficult to distinguish among the Bose-Einstein distribution (U (BE) ), Eq. (4) (U (NEXTII) ) based on q-algebra, and Eq. (20) (U (FCII) ) based on fractional calculus. These are able to describe the distortion of the COBE data.
The fractional calculus probably reflects the distortion of a new blackbody radiation of the ensemble (the universe) and contain the memory effect at the initial stage of the universe. Table 3 . This fact suggests that we have to choose one freedom between β 0 a = −µ and (p − 1): In the present study a β 0 = 0 is chosen.
